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Abstract 
We define a (4 x n)-rectangle R with ground set G(R) = +[c + 1,c + 2n] to be centrally 
symmetric with threshold c if all row sums and all column sums of R are equal to zero. 
A (p x q)-rectangle A with ground set [1, pq] is called magic if A has constant row sums 
and A has constant column sums, the two constants not necessarily equal. 
In this paper we solve the problem of the existence of centrally symmetric and magic rectangles 
by determining all pairs of integers (n, c) resp. (p, q), for which there exists a centrally symmetric 
(4 x n)-rectangle with threshold c resp. a magic (p x q)-rectangle. 
1. Basic definitions and results 
1.1. Centrally symmetric rectangles 
Let c be a non-negative integer; and let 4-[c + 1, c + 2n] denote the set of integers k 
with c < Ikl < c + 2n + 1. The set G(R) of a rectangular array R is called the ground 
set of  R. A 4 x n rectangular array R is said to be a centrally symmetric rectangle 
with threshold c and will be denoted by R(c; n), i f  G(R) = i [ c  + 1, c + 2n] and R has 
constant row and column sums. It is clear that in this case those sums must be zero. 
We offer: 
Theorem 1. (i) I f  n & even then there is a centrally symmetric rectangle for each 
c>~O. 
(ii) I f  n is odd then there is a centrally symmetric rectangle iff for  c>~O and n the 
inequality 2c +4 ~< (n -  1 )2 holds. Moreover, these centrally symmetric rectangles can 
be constructed in such a way that in each row the absolute difference between the 
number o f  the positive entries and the number of  the negative entries is equal to 1. 
* Correspondence address: Twiskenweg 43 B, D-26129 Oldenburg, Germany. 
0012-365X/97/$17.00 Copyright (~) 1997 Elsevier Science B.V. All rights reserved 
P11 S0012-365X(96)00284-1 
30 T. Bier, A. Kleinschmidt l Discrete Mathematics 176 (1997) 29-42 
We will call such centrally symmetric rectangles perfect if the equation 2c + 4 = 
(n - 1)2 holds. The terminology used in this section is based on parallel concepts in 
the theory of perfect systems of difference sets, see e.g. [1, 18] for surveys or [17] for 
a more specific comparison of techniques. 
1.2. Magic rectangles 
Magic rectangles are a natural generalization f the famous magic squares. Let p, q 
be two integers greater than one and let A be a p x q-rectangle (array) on the ground 
set (the set of entries) Gpq, where Gpq is the set of the first pq positive integers. Then 
A is called a magic rectangle, if the sum over each row of A is a constant and the 
sum over each column of A is another (different 
The magic rectangles problem was settled as 
several other valuable sources were pointed out 
express our gratitude. In those papers, Harmuth 
if p ¢ q) constant. 
early as 1881 in [12, 13]. This and 
to us by D.G. Rogers, to whom we 
presents the necessary and sufficient 
conditions for existence, although the exposition is opaque by modem standards. The 
application of magic squares in the statistical design of experiments i  summarized in
[9]; a more explicit account with relevance to magic rectangles appears in [15]. Var- 
ious other constructions have been given; see [5], for what is called there Planck's 
method of complementary differences; see [16], for the case where both sides of the 
rectangle are divisible by 4; see [14], for the case where both sides are even; and see [6] 
for, in effect, all cases except where both sides are odd, larger than 3 and 
coprime. 
It is well-known that magic squares can be constructed from pairs of mutually or- 
thogonal Latin squares, so it is of interest to note the study of generalized Latin squares 
in [19,20]. Closer in spirit to magic rectangles per se is the problem of partioning sets 
of integers into subsets with constant sums considered in [4, 7, 10]. A matrix labelling 
problem involving row and column sums with graph-theoretical overtones i  discussed 
in [8, 11]. 
In the present paper we offer a new and very simple proof of the result of Harmuth, 
using centrally symmetric rectangles. 
Theorem 2. For p,q > 1 there is a magic (p x q)-rectangle A iff p -- qmod2 and 
(p,q) ~ (2,2). 
1.3. Structure of the paper 
In Section 2 we analyze and construct centrally symmetric (4 x n)-rectangles R. Our 
main tool is a special (4 x 4)-square, which is useful in enlarging given 
(4 × n)-rectangles. In Section 3 we construct the magic rectangles A using the centrally 
symmetric rectangles from Section 2, the results from [6] and an explicit construction 
of magic (5 x n)-rectangles. 
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2. Existence and nonexistence of centrally symmetric (4 x n)-reetangles 
2.1. Existence o f  centrally symmetric (4 x n)-rectangles with even n 
We show by explicit construction: 
Lemma 1. For n = 2s and any c>~O there is a (4 x n)-rectangle C with constant row 
sums and constant column sums on the ground set G(C) -- ±[c  + 1,c + 2n]. 
For 1 ~<i~<4, j = 2t + r with O<~t<~s - 1 and r E {1,2} we define the rectangle C 
by 
-c -4 t - i  if 15 -2 i  1=5-2r ,  
c0":----- I. c+4t+i  if [5 -2 i  1=2r -1 .  
This rectangle has the requested properties. 
2.2. An upper bound for  the existence o f  (4 x n)-rectangles with odd n 
Let n > 2 and c>~0 be integers, and let n = 2s + 1 be odd. We will give 
a necessary condition for the existence of a (4 x n)-rectangle A with ground set 
G(A) = +[c + 1,c + 2n] and constant (i.e. vanishing) row sums. 
We will denote the integers in G(A) by xi < 0 resp. yj > 0. Then there must be 
at least one row with more negative summands xi than positive summands yj. For the 
row sum of this row S we find: 
0 = S~.X l  hi-x2 --~ . . .  Ar-Xs q-Xs+ 1 -~ Yt + "'" + Ys, 
and, obviously, 
Xl +x2 + ' "+ xs +xs+l <. ( -e  - 1 )+( -e -  2 )+. . .+( -c -s -  1) 
= - ( s  + 1)c -  ½(s + 1)(s + 2), 
Y l+Y2+' - '+Ys~(c+2n)+(e+2n-1)+-"+(e+2n-s+l )  




By adding the two inequalities (2) and (3) we immediately get 0 ~< - c+2sn-s  2 - s - l ,  
resp. 
c<.3s 2 + s - 1. 
In a similar manner we can exploit the stronger fact that there must exist either two 
rows with more terms xi than Yi or at least one row with even s + 2 negative terms 
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xi. In the first case we analogously get the estimates 
xl + . - .  +x2~+2~< - (2s +2)c -  (s + 1)(2s + 3), 
yl + "'" + Yzs <~ 2s( c + 2n) - s( 2s - 1), 
which immmediately gives 0 ~ - 2c + 4sn - 4s 2 - 4s - 3, i.e. 
2e ~< 4s 2 - 4. 
In the second case we get the even sharper estimate 
Xl + . . -+x~+2~ < - ( s+2)c -  l ( s+2) (s+3) ,  
Yl +""  + ys-i  <<,s(c + 2n) -  l ( s -  1 ) (s -  2), 
which immediately gives 0 ~< - 2c + 2sn - s 2 - s - 4, i.e. 
2c~<3s 2 +s-  4, 
which for s > 1 is sharper than (and for s = 0, 1 equivalent to) (4). 
Lemma 2. Let n = 2s + 1 
G(A) = +[c + 1,c + 2n] 
holds 
c<~½((n- 1) 2 -4 ) .  
The smallest nontrivial example of  such a rectangle is given by 
-6  1 5 "~ 
) -5  2 3 -3  -1  4 " 





be odd. I f  there is a (4 × n)-rectangle on the 9round set 
with constant (i.e. vanishing) row sums, then necessarily 
(6) 
(7) 
it follows from (6) that the case c = 0 is the only example with n = 3 . 
rectangles and inertia 
Corol lary 1. (i) For n = 0(2) there ex&ts a centrally symmetric rectangle R(c; n ) fo r  
each threshold c >10. 
(ii) 1f for  n =- 1(2) there is a centrally symmetric rectanyle R(c; n) with threshold 
c, then necessarily it holds that 
(n - 1)2 _ 4 
c~< (8) 
2 
From the preceding we immediately deduce the following: 
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In the following we will construct rectangles for all these thresholds. A centrally 
symmetric R(c; n), in which the equality in (8) is fulfilled, will be called a perfect 
centrally symmetric rectangle. 
The proof of Lemma 2 gives a motivation to take the number of the positive and 
negative terms in a row of a centrally symmetric rectangle into account. Therefore, for 
a centrally symmetric rectangle A, we shall call the difference between the number of 
positive and the number of negative terms in the ith row of A the ith (Sylvester-)inertia 
of A and will designate it as li(A) . 
Corollary 2. (i) I f  n is odd then each centrally symmetric (4 x n)-rectangle A has 
nontrivial inertia: II,(A)I/> 1 for i = 1,2,3,4. 
(ii) I f  A is perfect then 
Ik(A)l = 1 for i=  1,2,3,4. (9) 
Proof. (i) is trivial, and (ii) follows immediately from (4) and (5). [] 
If the rectangle A has the minimally possible inertias li(A) = +1 for i = 1,2,3,4, 
we will say that A has unitary inertias. 
The main result of this section can now be expressed by 
Theorem 3. (i) For n ~- 0(2) there exists a centrally symmetric rectangle R(c; n) for 
each threshold c>>. O. 
(ii) For n =- 1(2) there exists a centrally symmetric rectangle R(c; n) with threshold 
c and with unitary inertias only if 
2c+4~<(n-1)  2 . (10) 
2.4. Some elementary 9luein9 constructions 
Sometimes the existence of R(c;n) can be proven with the help of the following 
elementary constructions: 
Corollary 3. I f  there exists a R(c; n), then there also exists a R(c - 2; n + 2) with 
the same inertias as R(c; n). 
Proof. Indeed, it is sufficient o add the following (4 x 2)-rectangle R to the given 
R(c; n): 
c -1  -c+l  
- -C C 
- c -2n-1  c+2n+l  
e + 2n + 2 -c -  2n - 2 
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and immediately we obtain R(c - 2; n + 2). Obviously, this (4 × 2)-rectangle in each 
row has one positive and one negative entry, so that the inertias do not change. [] 
Corollary 4. I f  there exists an R(c;n) with constant row sums and with unitary 
inertias, then such R(c - 1;n + 2) does also exist. 
Proof. For A = (aij) let 
aij + l for aij > O, (11 bij ) ( a i j -1  for aij < O. 
Because of the assumption on unitary inertias B has row sums i 1. Then we add to B 
the following rectangle in such a way, that all row sums become equal to zero: 
c - -c - -  1 
-c  c+ 1 
c+2n+2 - c -2n-3  
- c -  2n - 2 c + 2n + 3 
The so-constructed rectangle is centrally symmetric with threshold c -  1. Moreover, it 
has again unitary inertias. [] 
2.5. A twofold centrally symmetric (4 x 4)-square 
A modification of the rectangles constructed in Lemma 1 can be applied more effec- 
tively if the differences between the first and the third row resp. between the second 
and the fourth row have a greater variety. In addition, it is useful to consider other 
ground sets. For our applications however it is sufficient o deal with a (4 x 4)-square. 
For a rectangle A = (aij) we define the following differences: 
dj,t2 :=  ai U _ ai2j, 
O;,,?a := dj.,,i2 +d)~i:" (12) 
For given n and c/>0 we choose a d ~>c + n and define (analogous to the definition 
above) a (4 x n)-rectangle with ground set 
G(R) = +[c+ 1,c+n]U+[d+ 1,d + n] 
as a twofold centrally symmetric rectangle R(c,d; n) with thresholds c and d. 
Lemma 3. There ex&ts a twofold centrally symmetric (4 x 4)-square B(c,d) with 
thresholds c, d, with d >1 c + 4, having the following differences: 
Dp = -2 (d  - c) = -D 24, 
= +2(d  - c )  = 
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We define the square B(c,d) as follows: 
-d -4  -c -2  d+2 c+4 
-c -1  -d -3  c+3 d+l  
d+4 c+2 -d -2  -c -4  
c+l  d+3 -c -3  -d -1  
This square has the requested ifferences, and the ground set is G(B) = i [c  + 1, 
c+4]U i [d+l ,d+4] .  [] 
2.6. Construction of perfect centrally symmetric (4 x n)-rectangles 
We shall abbreviate the bound from (8) by cn = ½((n-  1) 2 -4 ) .  Then we have 
cn+4 = cn + 4n + 4. So according to the above notation perfect centrally symmetric 
rectangles can be denoted by A = R(cn; n). We give two examples of perfect centrally 
symmetric rectangles with unitary inertias for n = 3, 5 as follows: 
-6  1 5 \ 
) 3 2 -5  6 -2  -4  
-3  -1  4 
(13) 
-16  -14  7 10 13 \ 
-15  11 8 9 -13  
16 14 -8  -10  -12  ' 
15 -11 -7  -9  12 
(14) 
Now we prove a lemma, which plays a crucial role in our arguments and shall therefore 
be stated in a slightly more generalized form. 
Lemma 4. I f  there ex&ts a centrally symmetric rectangle A = R(c; n) with unitary 
inertias, then there also exists such a rectangle R(c + 4n + 4; n + 4). 
Proof. In the given R(c; n) = (aij) we replace the entries as follows: 
= ~ a i j+4n+8 foraij  > 0, 
r U / a i j -4n -8  for aij < O. 
Then for A with unitary inertias the row sums in the just defined (4 × n)- 
rectangle R = (rij) are all equal to ±(4n + 8). Obviously, the ground set is G(R) = 
4-[c + 4n + 9, c + 6n + 8]. Therefore, the (4 × (n + 4))-rectangle T = [B I A] constructed by 
adding the square B = B(c + 4n + 4, c + 6n + 8) and the rectangle R has the ground set 
G(T) = +[c +4n + 5,c +6n + 12]. Because of Lemma 3 the row sums of the square B 
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must have the differences +(4n + 8) between the rows 1,3 and 2, 4, respectively. Then 
compensating for these sums we change two pairs of elements of B at a time in these 
rows. So by rearranging the order of the four rows of the so-constructed square we 
get from T a rectangle R(c + 4n + 4; n + 4), which is centrally symmetric and which 
has unitary inertias. [] 
Corollary 5. I f  there exists a perfect rectangle A = R(c; n), then there also exists a 
perfect rectangle R(c + 4n + 4; n + 4). 
For perfect rectangles we already know from Corollary 2, that the assumption on 
unitary inertias is always fulfilled. 
Then with the two examples above as an induction basis we get with Lemma 4: 
Corollary 6. For each odd n > 1 there is a perfect centrally symmetric rectangle 
R(cn; n). 
2.7. The construction of examples of centrally symmetric rectangles 
Here we show by explicit construction that the following cases of centrally symmetric 
rectangles A = R(c; n) with unitary inertias exist: The examples n--3, c=0 and n=5,  
c=6 of perfect rectangles have already been given in (13),(14). 
n=5,  c=O, l :  
-10  9 -5  7 -1  2 10 -7  4 -9  
-3  4 -8  1 6 -2  3 -4  -5  8 
3 -4  5 -6  2 -11 -10  5 9 7 
10 -9  8 -2  -7  11 -3  6 -8  -6  
n=5,  c =2,3:  
-5  6 -7  9 -3  -9  4 8 -12  
-12  11 -10  3 8 5 -13  7 12 
5 -11 10 -8  4 -7  13 -10  -6  





n=5,  c = 4,5: 
6 5 11 -12  -10  6 8 12 -11 -15  
-13  10 -14  8 9 11 -14  -13  9 7 
-5  -7  14 -9  7 -7  15 -12  10 -6  
12 -8  -11 13 -6  -10  -9  13 -8  14 
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n=7,  c=6,7 :  
7 8 15 --20 -17  --9 16 
-11 14 --15 -19  12 9 10 
-7  -14  13 19 17 -18  -10  
11 -8  -13  20 -12  18 -16  
n=7,  c=8,9 :  
9 10 17 18 -13 -20  -21 
12 -16  -22  -18  13 20 11 
-12  -10-17  14 19 -15  21 
-9  16 22 -14  -19  15 -11 
n=7,  c= 10,11: 
11 12 -18  -23 19 20 -21 
15 -22  13 17 -24  -20  21 
-15  -12  18 -17  24 -14  16 
-11 22 -13  23 -19  14 -16  
n = 7, c = 12,13: 
13 16 17 19 -20  -22  -23  
15 18 14 -25  -21 -24  23 
-13  -16  -14  25 20 24 -26  
-15  -18  -17  -19  21 22 26 
n = 7, c = 14,15: 
15 16 21 23 -22  -26  -27  
17 19 18 --23 22 -25 -28  
-15 -16  -18  -24  20 26 27 
-17  -19  -21 24 -20  25 28 
n = 9, c = 16: 
17 18 22 26 25 
19 -18  21 23 -29  
--17 24 -22  -23 -25  
-19  -24  -21 -26  29 
n = 9, c = 17: 
18 19 -20  22 27 
21 25 20 26 --24 
-18  --19 -28  -26  -27  
-21 -25  28 --22 24 
8 9 16 17 -11 -19  -20  
10-18  12 -13  11 19 -21 
-8  -9  -16  13 14 -15  21 
-10  18 -12  -17  -14  15 20 
10 11 18 19 -16  --20 --22 
12 13 14 -21 --15 20 -23  
--lO -13 -18  21 15 -17  22 
-12  -11 -14  -19  16 17 23 
12 13 19 -20  21 -23 -22  
17 16 - t9  20 15 -25  -24  
-12  -16  14 -18  -15  25 22 
-17  -13 -14  18 -21 23 24 
14 15 19 22 -20  -26  -24  
16 17 18 -25  -23 -27  24 
-14  -17  -19  25 20 26-21  
-16  -15 -18  -22  23 27 21 
16 17 21 20 -22  -25  --27 
18 19 -28  24 22 --29 --26 
-18  -19  28 -20  -23  25 27 
-16  -17  -21 --24 23 29 26 
-28  -20  -27  -33 
28 20 -30  -34  
31 -32  30 34 
--31 32 27 33 
30 -31 -32  -33  
-30  31 -35  -34  
23 29 32 34 
-23  -29  35 33 
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n = 9, c = 18: 
19 20 23 28 -22  31 -33  -32  -34  
25 21 -23  30 22 -31 27 -35  -36  
-19  -21 24 -30  -26  -29  33 32 36 
-25  -20  -24  -28  26 29 -27  35 34 
n = 9 ,  c = 19: 
20 21 24 29 32 -23 -33  -34  -36  
25 27 31 -26  -30  23 -35  22 -37  
-25  -21 -24  26 -32  -28  33 34 37 
-20  -27  -31 -29  30 28 35 -22  36 
n = 9 ,  c = 20: 
21 22 25 31 32 -26  -33  -35  -37  
23 24 27 -31 34 26 -36  -29  -38  
-21 -24  -25  -30  -34  28 33 35 38 
-23  -22  -27  30 -32  -28  36 29 37 
n = 9, c = 21: 
-39  23 -37  25 26 34 28 -29  -31 
22 -38  24 -36  35 27 -33  29 -30  
39 -23  -24  36 -26  -34  33 -32  31 
-22  38 37 -25  -35  -27  -28  32 30 
n = 9, c = 22: 
23 24 27 32 -29  35 -36  -37  -39  
25 26 28 -38  29 -35 36 -31 -40  
-23  -26  -27  -32  30 34 -33  37 40 
-25  -24  -28  38 -30  -34  33 31 39 
n = 9, c = 23: 
24 25 28 32 36 -34  -35  -37  -39  
27 26 -28  31 -41 34 -38  -40  29 
-27  -25  30 -32  41 -33 38 37 -29  
-24  -26  -30  -31 -36  33 35 40 39 
n= 11, c=30:  
-31 51 50 -34  35 -36  -37  45 -44  43 -42  
52 -32  -33  -49  -35  47 46 -38  44 -43  41 
-52  32 -50  34 48 -47  37 -45  -39  40 42 
31 -51 33 49 -48  36 -46  38 39 -40  -41 
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n= 11, c=31:  
-32  52 51 -35  49 -48  -38  -46  -40  44 43 
32 -52  34 -50  -36  37 -47  39 45 -44  42 
-53  33 -51  35 36 -37  38 46 -45  41 -43  
53 -33  -34  50 -49  48 47 -39  40 -41  -42  
2.8. The existence of centrally symmetric rectangles 
From the list of  the above examples and from Lemmas 3 and 4 we obtain the 
following. 
Lemma 5. For odd n~<ll and for O<~c<~½((n - 1) 2 - 4) there exists a centrally 
symmetric rectangle R(c; n) of unitary inertias. 
Proof. We just check through all the cases of  small n: By Corollary 5 it suffices to 
look at the cases 0~<c < ½((n - 1) 2 -4 ) .  For n = 5, 0~<c~<5 the rectangles have been 
constructed. For n = 7, 0 ~<c ~< 5 we obtain the rectangles from Corollaries 3 and 4. 
For n = 7, 6~<c < 16 examples have been constructed above. For n = 9, 0~<c<~15 
again we obtain the rectangles from Corollaries 3 and 4. For n -- 9, 16 ~< c < 24 the 
examples have been constructed above. For n = 9, 24 ~< c ~< 30 we obtain the rectangles 
by Lemma 4 in the cases n = 5, 0~<c~<6. For n = 11, 0~<c~<29 again we obtain 
those rectangles by Corollaries 3 and 4. For n = 11, c = 30, 31 the examples have been 
constructed above. For n = 11, 32 ~<c ~<48 we obtain these rectangles from Lemma 4 
in the cases n=7,  0~<c~<16. [] 
For odd n > 11 we may then proceed inductively. Let us then assume that centrally 
symmetric rectangles with unitary inertias exist for all values of  odd m < n and all 
associated c' satisfying the inequalities O<~c'<<,l((m- 1) 2 -  4). We then distinguish 
for the proof of existence of A = R(c,n) the following two cases: 
Case I: c<~cn-2 -2  = ½((n -  3) 2 -  8). Here one obtains A out of  a R(c + 2; n -  2) 
by the construction of  Corollary 3. This construction preserves the property of unitary 
inertias. 
Case II: c/> cn_2 - 2 = ½ ((n - 3)2 _ 8). Here under the assumption  >/13 we certainly 
have c ~>4(n + 1 ). Then A is obtained from a R(c -  4n -4 ;  n-  4) by the construction 
of  Lemma 4. Again this construction preserves the property of unitary inertias. In each 
case we thus obtain a centrally symmetric rectangle R(c; n) with unitary inertias. This 
concludes the proof of  Theorem 1. [] 
We may lift the result into the positive integers: 
Corollary 7. Let n be odd. Then there exists a (4 x n)-rectangle on the groundset 
G(A) = [1,2n] U [a - 2n + 1,a] with constant row sums and column sums, if only a 
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is odd and a satisfies 
a<~n2 + 2n - 1. (15) 
3. Magic (p x q)-rectangles 
3.1. Magic and centrally magic (3 × q)-and (5 × q)-rectangles 
In this section we show the existence of magic rectangles. In [6] it was shown that 
a magic (p  x q)-rectangle R can exist only if p - q(2) holds. Moreover, in [6, The- 
orem 8] it was shown that there exists a magic (p  x q)-rectangle if p = q - 0(2) 
and (p ,q)  ~ (2,2) holds. Also in that paper in Theorem 5 for odd q magic (3 x q)- 
rectangles were constructed. Thus, only in the case p _-- q - 1(2) the construction 
of magic rectangles needs to be investigated, and we shall concentrate on this 
case. 
In analogy to the previous section we shall use the following terminology. A (p  x q)- 
rectangle A with N -- ½(pq-1  ) is centrally magic iff G(A) -- [ -N ,  +N]  and if the row 
sums and the column sums of A are constant (and hence equal to zero). Obviously, 
we have the following. 
Lemma 6. For p - q -- 1(2) there exists a magic (p x q)-rectangle iff there exists 
a centrally magic (p  x q)-rectangle. 
Proof. Indeed, we only have to subtract or add the integer N + 1 at each position. [] 
3.2. Centrally magic (3 x q) and (5 x q)-rectangles 
In this section we show the existence of magic (p  x q)-rectangles for p = 3, 5. For 
this purpose we use a simple argument concerning threefold sums, which can easily 
be proved by induction on n. 
Lemma 7. Let b >>. 0 and n >~ 3 be given integers. Then we have 
{x + y+ z lb  <x  < y <z<~b+n} = [3b+6,3b+ 3n-  3]. 
Lemma 8. For p=3 and for  p=5 and for  odd q > p there exists a centrally magic 
(p x q)-rectangle on the groundset G = [ -½(pq - 1), ½(pq - 1)]. 
Proof. For p = 3 we obtain such rectangles by applying Lemma 6 to a magic 
(3 x q)-rectangle. We shall denote the centrally magic rectangle arising in this way by 
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E = (eij). For odd q > 7 we define a (5 x q)-rectangle F ----- (fi j) by 
½(3q-  1) + j  if i = 1, 
f i j  := e i - l , j  if 2~<i~<4, 
-½(3q-1) - j  if i=5 .  
Obviously, all column sums of F and the sums of the rows 2 to 4 are equal to zero. 
The row sum over the first row amounts to 2q 2, and the row sum over the the last 
row amounts to -2q  2. Our goal is now to choose a set of elements in the first row 
whose sum is equal to q2; by interchanging these elements with the corresponding 
elements of the fifth row we then obtain because of f l j  = - f s j  a rectangle, for which 
the sums of all rows are equal to zero. 
The first row contains exactly the elements from [½(3q + 1), ½(5q - 1)]. Thus, we 
obtain by Lemma 7 with b = ½(3n - 1) and with n = q exactly the integers in the 
interval [½(9q+9), ½(15q-9)] as sums of three elements of  the first row. Moreover, for 
any two complementary elements we have the additional equation fl, j  + fl.q+l-j=4q. 
We distinguish the cases q = 4t + 5 and q = 4t + 7. For q = 4t + 5 we have 
q2 = 4qt + 5q, and for q = 4t + 7 we have q2 ___ 4qt + 7q. Since q>~9 both 5q and 
7q are in [½(9q + 9), ½(15q-  9)]. We then can represent 5q and 7q as a sum of three 
elements and also can choose from the remaining q -3  columns t complementary pairs. 
The sum of these 2t + 3 elements amounts to q2. 
It remains to show that a (5 x q)-rectangle with the required properties also exists 
for q = 7. We just exhibit the corresponding example: 
-17  16 15 7 -5  -7  -9  \ 
J 
-4  -6  6 -10  13 12 -11 
0 1 2 3 -3  -2  -1  . [] 
17 5 -15  -14  8 -12  l l  
4 -16  -8  14 -13  9 10 
3.3. Construction of magic rectangles 
We now have the following almost trivial glueing construction. 
Lemma 9. I f  there ex&ts a centrally magic (p × q)-rectangle A with odd p, q and 
with p < q - 2, then there also exists a centrally magic ((p + 4) x q)-rectangle. 
Proof. The proof now is very simple. We just let c = ½(pq - 1) and we find for 
p ~< q - 4 the inequality 
c<<,½((q- 1) 2 - 4) 
which enables us to apply Theorem 1 to deduce the existence of a centrally symmetric 
(4 × q)-rectangle R with threshold c. Composing this rectangle with the given A gives 
us a centrally magic ((p + 4) x q)-rectangle. [] 
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Thus, for a fixed odd q by induction over p with Lemma 8 as a start of the induction 
and with Lemma 9 as an inductive step we immediately obtain 
Theorem 4. Let p, q E N, 1 < p <~ q, p, q be odd. Then there exbts a centrally magic 
(p × q)-rectangle. 
Proof. Together with the cited results from [6], Theorem 2 now follows. [] 
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